Ternary quantum systems are being studied because these provide more computational state space per unit of information, known as qutrit. A qutrit has three basis states, thus a qubit may be considered as a special case of a qutrit where the coefficient of one of the basis states is zero. Hence both (2 × 2)-dimensional as well as (3 × 3)-dimensional Pauli errors can occur on qutrits. In this paper, we (i) explore the possible (2 × 2)-dimensional as well as (3 × 3)-dimensional Pauli errors in qutrits and show that any pairwise bit swap error can be expressed as a linear combination of shift errors and phase errors, (ii) propose a new type of error called quantum superposition error and show its equivalence to arbitrary rotation, (iii) formulate a nine qutrit code which can correct a single error in a qutrit, and (iv) provide its stabilizer and circuit realization.
I. INTRODUCTION
Quantum computers hold the promise of reducing the computational complexity of certain problems. However, quantum systems are highly sensitive to errors; even interaction with environment can cause a change of state. While descriptions of quantum algorithms, communication protocols, etc. assume the existence of closed quantum system, in reality such systems are open. Hence error correction is of utmost importance for quantum computation.
Multi-valued quantum computing based on ddimensional quantum systems is gaining importance particularly in the field of quantum cryptography as it can represent a larger state space using less quantum resources. For example, in ion trap technology, if d levels of the ion are used, then the number of qudits required can be reduced by a factor of log 2 d [8] . In [4] , the author showed that multi-valued quantum logic in some quantum algorithms outperforms its binary counterpart. Furthermore, recent researches on quantum algorithms have used lackadaisical quantum walk [15] with multidimensional coin to solve search problems faster than their classical counterpart [9, 14] . The simplest higher dimensional quantum system is for d = 3. Muthukrishnan and Stroud [8] have implemented a few (3 × 3) quantum ternary logic gates with ion trap.
A general ternary quantum state (qutrit) is represented as |ψ = α |0 + β |1 + γ |2 , where α, β, γ ∈ C and |α| 2 + |β| 2 + |γ| 2 = 1. For practical implementation of quantum ternary system in noisy environment, it is essential that one is able to correct errors in the system. In literature, 9-qubit [12] , 7-qubit [13] and 5-qubit [7] codes are available for error correction in qubits. However, to the best of our knowledge, no error correcting code has been provided for ternary quantum systems. Previous attempts have been made for higher dimensional error correction [1, 2, 5, 6, 11] but they have either considered (2 × 2)-dimensional errors or (d × d)-dimensional errors only and no explicit circuit has been presented.
Main Contributions: In this paper, we study error correction in qutrits considering both (2 × 2)-dimensional as well as (3 × 3)-dimensional errors. We have introduced a new type of error where a basis state is mapped to any arbitrary superposition state. We have called it quantum superposition error. We have shown that such an error can be represented as an arbitrary diagonalizable rotation matrix. We have proposed an error correcting code that can correct these (3 × 3)-dimensional as well as (2 × 2)-dimensional errors affecting a qutrit. Moreover, for qubits, a phase error in {|+ , |− } basis is analogous to a bit error in {|0 , |1 } basis, where
(|0 − |1 ). The {|+ , |− } basis is obtained by the Hadamard transform of {|0 , |1 } basis. However, in a qutrit, since there are three basis states, ternary QFT does not have similar properties as that of Hadamard in a qubit system. QFT acting on the states |0 , |1 , and |2 produces the states
(|0 + ω |1 + ω 2 |2 ) respectively. Hence the bit flip nature of {|+ , |− } basis for qubits does not translate directly in three-dimensional systems. This problem has not been addressed earlier for higher dimensional quantum error correction. We have proposed a mechanism to correct phase errors in qutrits. Moreover, we provide stabilizer and circuit realization of the error correction mechanism. We also show that similar to qubit system [7] five qutrits are necessary to correct a single error in a qutrit.
In Section II, we provide the possible types of pure state qutrit errors. We consider (2 × 2)-dimensional pairwise swap error and (3 × 3)-dimensional errors which we call shift errors. Section III presents phase errors due to decoherence. We have also introduced the notion of a quantum superposition error, and shown its equivalence to an arbitrary phase error. In Section IV, we depict the basic error model which captures all pure state errors, phase errors and arbitrary diagonalizable rotation. In Section V, we provide our proposed 9-qutrit code for correcting a single error in a qutrit. Section VI shows the arXiv:1807.01863v1 [quant-ph] 5 Jul 2018 stabilizer and circuit realizations of the error correction. We conclude in Section VII.
II. BIT ERRORS IN QUTRITS
Our mathematical model of a qutrit, as mentioned in Section I, is in {|0 , |1 , |2 } basis where |0 = 1 0 0 T , |1 = 0 1 0 T and |2 = 0 0 1 T . Hence a general error-free qutrit is of the form |ψ = α |0 + β |1 + γ |2 where α, β, γ ∈ C and |α| 2 + |β| 2 + |γ| 2 = 1. We first consider bit pairwise swap errors which are (2 × 2)-dimensional. Then we discuss ternary bit errors which we call shift errors.
A. Ternary pairwise swap errors
It is possible to have a (2 × 2)-dimensional error in a three-dimensional system. A pairwise pure state swap or bit flip error in a qubit [10] is represented by the Pauli matrix σ x = 0 1 1 0 . In a ternary system, there can be three types of (2 × 2)-dimensional pairwise swap, namely X 01 , X 12 , X 20 . A single qutrit pairwise swap error operates only on any two of the three basis states, i.e., the amplitudes of two out of the three basis states get swapped in the presence of such an error. The matrices corresponding to these errors are as follows:
• X 01 |ψ = α |1 + β |0 + γ |2 . It can be easily verified that the respective matrices corresponding to errors X 1 and X 2 are -
The action of these cyclic shift errors on the error-free state |ψ can be mathematically represented as
The matrices for shift errors are not self-adjoint. However, each type of shift error occurring twice in succession produces the other type of shift error, i.e., X 2 = X 2 1 and
Thus to correct an X 1 error, one can apply X 2 and vice-versa.
It can be checked that any combination of these five types of errors (pairwise swap and shift) results in one of these five errors or identity. Thus these five errors exhaust the list of possible bit errors in a qutrit.
III. PHASE ERRORS IN QUTRITS

A. Arbitrary rotation and phase
Qutrits are unit vectors in three-dimensional Hilbert Space H ⊗3 . On interaction with the environment, a qutrit can undergo rotation by some arbitrary angles, where the basis states |1 and |2 may incur different phase errors given by e iθ and e iφ respectively. Such an error changes the error-free state |ψ as
The corresponding error operator is denoted as
Using the formula e ±iθ = cosθ±isinθ, the error matrix can be represented upto a global phase of e 
where
Correction of phase error is not so obvious in ternary systems as in binary systems. This is because phase flip error has the nature of bit flip error in the Hadamard basis (|+ =
(|0 − |1 )). However, the natural extension of Hadamard transform, i.e., Quantum Fourier Transform (QFT) does not behave in a similar way for qutrits. We address this problem and propose a solution in Section VI.
The phase of the three basis states are defined [5] in terms of ω, the cube root of unity, i.e., ω 3 = 1, and 1 + ω + ω 2 = 0. The two phase error matrices for |0 are given by
It can be seen that the matrices R 1 and R 2 are special cases of the rotation matrix R θφ . So they are not independent errors. However, in Section VI, we have used ω and ω 2 phases to show that a binary bit pairwise swap error can be represented as a linear combination of ternary errors. Hence, we explicitly show their correction in Section VI.
In the following part, we consider a special type of rotation, where each basis state is knocked into superposition of two or three basis states. We call it quantum superposition error, and describe it in details in the following subsection.
B. Quantum superposition error
We consider a special quantum error where the decoherence knocks a basis state into a superposition of two (or three) basis states, i.e.,
The criterion j = k ensures that a qutrit is not mapped to a qubit. Such an error can induce the following:
where {j 0 , k 0 , j 1 , k 1 , j 2 , k 2 } ∈ {0, 1, 2} and the criterion (j l = k l for l ∈ {0, 1, 2}) holds in each case. We call this quantum superposition error.
Theorem 1.
Putting b − a = θ and c − a = φ, this error can be represented by the error matrix R θφ and can be corrected in a similar way.
The proof is similar for the case where a basis state is mapped to a superposition of three basis states i.e.
It has already been shown that Z 12 = Z 1 Z 2 . One can check that any combination of Z 1 , Z 2 and Z 12 results in one of the three errors Z 1 , Z 2 , Z 12 or identity. Moreover, arbitrary phase and quantum superposition error can also be represented as combinations of these three. Hence, these three errors exhaust the list of possible phase errors in a qutrit.
IV. ERROR MODEL FOR QUTRITS
The errors considered in Sections II and III can be summed up using the error model proposed in [2] . Any error E acting on the qutrit is a 3 × 3 complex unitary matrix, E ∈ C 3×3 . Such a matrix can be written as a linear combination of bit errors (X), phase errors (Z) [2] and their product (Y = iZX). The general error model considered in this paper is
where a, b, c mn , d mnj ∈ C are constants. I 3 is the 3 × 3 identity operator and Y mnj = iZ j X mn takes into account when both bit error (X) and phase error (Z) occur simultaneously. This error model tackles both binary as well as ternary bit and phase errors. Furthermore, it can encapsulate an arbitrary diagonalizable rotation error whose matrix representation is a diagonal matrix (R θφ ) with different phases for the basis states. We consider this error model since it can capture any such error E ∈ C 3×3 .
V. ERROR CORRECTING CODE FOR QUTRITS
We propose a nine-qutrit error correcting code. For error correction, we encode the information of a single qutrit |ψ = α |0 + β |1 + γ |2 into nine qutrits where the logical qutrit is denoted as
The logical |0 L , |1 L and |2 L are as follows:
).
It is easy to check that |0 L , |1 L and |2 L are orthogonal to each other.
In order to correct the error in Eq.(2), ancilla state(s) |ζ is entangled with the system. Finally, the ancilla state(s) is measured which gives a classical outcome called error syndrome. The error syndrome denotes the type of error that has occurred. The resultant state after entanglement of the ancilla state(s) |ζ is a superposition of the form
where |ζ i indicates the ancilla qubit with i-th error syndrome. Upon measurement of the ancilla qubits, the superposition collapses. If the ancilla state collapses with i-th syndrome, then the encoded state also collapses with the i-th error on the system.
VI. STABILIZER AND CIRCUIT REALIZATION
We have considered that a ternary quantum system can be perturbed by both binary (pairwise swap of basis states) and ternary (cyclic shift of basis states) errors. However, any pairwise swap error can be written as a linear combination of ternary shift and phase errors. For example, the error operator X 12 can be written (upto a normalization factor) as a linear combination of shift and phase operators as follows: Note that the error operators with angles ω and ω 2 can be considered as R θφ error for particular values of θ and φ. Hence, a code which can correct shift and phase errors can also correct pairwise swap errors occurring on qutrits. Henceforth, we shall focus only on the correction of bit shift errors and phase errors.
A. Stabilizer structure for error detection
A set of operators M 1 , M 2 , . . . , M k are called stabilizers of a quantum state |ψ if M i |ψ = |ψ for all i. If the state |ψ , upon incurring some error, is changed to |ψ E , then at least for one of the stabilizers M i , the error state will be a -1 eigenstate, i.e., M i |ψ E = − |ψ E for at least one i. For ternary systems, the error states may be ω-eigenstate or ω 2 -eigenstate of the stabilizers. Gottesman defined stabilizers for higher dimensional spin systems as
where d is the dimension of the quantum state. For qutrit systems, d = 3. The stabilizers for detection of bit and phase errors are RRRIIIIII, IIIRRRIII, IIIIIIRRR XXXIIIIII, IIIXXXIII, IIIIIIXXX.
The first three stabilizers, including R and identity (I) only check shift errors. The last three stabilizers, including X and identity only check the errors with ω, ω 2 phase. We show in Table I the eigenvalues corresponding to stabilizers RRRIIIIII and XXXIIIIII for different error states. The actions of the other stabilizers are similar. However, the stabilizers for shift errors can only detect the presence and the type of error, but not their location. Hence, a second step is required to find the location of the errors. 
Circuit to compare two qutrits
B. Error correction circuit
After applying the stabilizer RRRIIIIII, if the eigenvalue is ω 2 , it implies that X 2 error has occurred in any one of the first three qutrits. However, it cannot specify the qutrit which has incurred the error. Fig 1 shows the circuit which checks whether two qutrits are in the same state. In this circuit, we consider the ancilla states (|q 2 , |q 3 ) to be qubits only. Using qutrits as ancilla does not hamper the error correction procedure, but qutrits are not necessary. The truth table of this circuit is shown in Table II . The states of the ancilla qubits comprise the error syndrome. When the syndrome is 00, it implies that both the qutrits are in the same state. Any other error syndrome indicates that the qutrits are in different states.
The gates C11 and C21 are defined as follows:
where the addition is modulo 3. 
The implementation of C11 gate using MS gates is shown in Fig 2. In Fig 3 we show the circuit which checks whether the three qutrits are in the same state or not. In the Figure, the truth table from Table II , if all the qutrits are in the same state, then the syndrome is 000. Otherwise one of the three bits will differ, which indicates the qutrit which has incurred error.
Next, we address the problem of correction of phase errors (Z 1 , Z 2 and Z 12 ). The {|+ , |− , || } basis for qutrits is equivalent to Hadamard basis for qubits.
It is clear that the bit flip nature of Hadamard basis does not hold true in a three-dimensional system. In order to correct a phase error in qutrit, we consider the three unitary matrices as proposed in [3] :
•
These matrices are similar to Hadamard operation on two states while the third state is kept unchanged. Applying H 01 on these states changes |0 and |1 to |+ and |− respectively, while the state |2 remains unchanged. Hence, if there is a phase error on |1 with respect to |0 , then it can be easily detected as it will flip the states |+ and |− . Similarly, by applying H 20 any phase error between |0 and |2 can be detected. Since Z 12 = Z 1 Z 2 , correcting Z 1 and Z 2 one after the another corrects Z 12 .
C. Performance analysis
The code proposed in this paper is a repetition code, where each of the logical qutrits (|0 L , |1 L , |2 L ) are arranged in three blocks of three qutrits each. This approach is similar to Shor code [12] for qubits. If p is the probability that a single qutrit is affected by decoherence, then the probability that none of the nine qutrits decohere is (1 − p) 9 . This code fails if more than one qutrit incur error. The probability that at least two qutrits have error is 1−(1−p)
Hence, when the error probability is less than 1 36 , this technique provides an improved method to preserve the coherence of the qutrits. The performance of our proposed code is in accordance to Shor code. However, this apparent similarity to Shor Code vanishes in the error correction process. Unlike Shor Code, the error correction is two fold -in the first step error is detected, and then its location is identified.
In the error model chosen for qutrits in this paper, there are two independent bit errors (X 1 , X 2 ) and two independent phase errors (Z 1 , Z 2 ) and their product (Z 12 ). So there are three phase errors. Hence, according to Eq.(2), there can be six Y mnj = iZ j X mn errors. Reliable detection of these eleven errors and the error free state demands each error state and the error free state to be in different orthogonal subspaces. An n-qutrit quantum system resides in a 3 n -dimensional Hilbert Space. So, in an n-qutrit code, the number of orthogonal subspaces required cannot be more than 3
n . To accommodate all these eleven errors and the error free state in separate orthogonal subspaces for each of the three logical qutrits in an n-qutrit code, Eq.(3) should be satisfied.
The minimum value of n for which this inequality is satisfied is five. So five qutrits are necessary for correcting a single error in a qutrit. The similar bound was achieved by Laflamme et al [7] for qubits. Our proposed code uses nine qutrits.
VII. CONCLUSION
In this paper, we have proposed a nine qutrit code which can correct a single binary (pairwise swap, Z 1 and Z 2 phase and their combination) or ternary (shift, Z 12 and their combination) error. This code is a repetition code, where each of the logical qutrits (|0 L , |1 L , |2 L ) are arranged in three blocks of three qutrits each. To the best of our knowledge, this is the first error correcting code for qutrit system which takes into account both binary and ternary errors. We have also addressed the issue of correcting phase errors in ternary systems since the bit flip nature of phase errors in Hadamard basis does not translate directly in ternary QFT basis. The performance of this code is similar to the nine-qubit code proposed by Shor, however, its stabilizer structure is not. We have shown that this code is not optimal in the number of qutrits for a ternary quantum system. Further studies can be performed to find the five-qutrit error correcting code. Moreover, it is worthwhile to study whether the two step error correction procedure used in this paper can be avoided and a single stabilizer structure can be provided for error correction.
